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Buckling of Functionally Graded Cylindrical Shells under
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By using the Ritz energy method and finite element method,
buckling behaviors of combined-loaded functionally graded cylin-
drical shells are investigated. The combined loads are composed of
axial, lateral, and torsional loads. Results show that the contribu-
tion of lateral pressure to buckling is more significant than that of
axial compression or torsion and the contributions of axial com-
pression and torsion are almost the same. Also, a practical method
is proposed in this article to determine the load-dominant bound
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The strain energy of a thin cylindrical shell is approximated to
be

U = 1

2

∫∫
V

∫
(





BUCKLING OF COMBINE-LOADED FGM CYLINDRICAL SHELLS 341

TABLE 1
Verification of the present critical lateral load qcr (×10−4 MPa) of homogeneous cylindrical shells

L/R R/h Shen [21] Present Difference (%)

0.5 300 2761.397 (1, 15)a 2809.31 (1, 16) 1.74
3000 7.8184 (1.28) 7.94526 (1, 29) 1.62

1 300 1272.597 (1, 11) 1294.65 (1, 11) 1.73
500 348.588 (1, 13) 353.781 (1, 13) 1.49

1000 60.5364 (1, 15) 61.3375 (1, 15) 1.32
1500 21.7969 (1, 17) 21.9684 (1, 17) 0.79
2000 10.5690 (1, 18) 10.6375 (1, 18) 0.65
3000 3.8144 (1, 20) 3.83065 (1, 20) 0.43

2 300 611.7448 (1, 8) 617.626 (1, 8) 0.96
3000 1.8842 (1, 14) 1.89097 (1, 14) 0.36

3 300 402.6016 (1, 7) 413.996 (1, 7) 2.83
3000 1.2511 (1, 12) 1.25669 (1, 12) 0.45

5 300 239.0987 (1, 5) 239.831 (1, 5) 0.31
3000 0.7482 (1, 9) 0.748563 (1, 9) 0.05

aThe numbers in the parentheses denote the buckling mode (m, n).

TABLE 2
Comparison of the critical loads (in MPa) of FGCSs with those reproduced from Sofiyev (Si3N4/SUS304, R/h = 500, L/R = 2)

Si3N4 N = 0.2 N = 0.5 N = 1 N = 2 N = 5 N = 10 N = 20 SUS304

The critical axial load pcr

Sofiyev [19] 387.631 362.064 338.303 316.927 297.936 279.100 268.659 261.018 249.933
Present 387.631 361.612 337.604 316.294 297.745 279.521 268.970 261.163 249.933

The critical lateral load qcr

Sofiyev [17] 0.0262 0.0243 0.0228 0.0215 0.0203 0.0191 0.0184 0.0178 0.0169
Present 0.0272 0.0252 0.0235 0.0221 0.0209 0.019
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FIG. 3. Relation curves of the critical parameters versus the power law exponent under ATCC.

and decreases slightly with the increase of τ, and τcr decreases
markedly with the increase of p2.

5. FEM RESULTS
FEM is one of the most effective methods to solve com-

plicated engineering problems. It is also effective in solving
eigenvalue problems of buckling. However, due to absence of a
ready material option in the existing FEM codes, it is difficult
in simulating FGMs’ material properties, which vary smoothly
through the thickness. For this reason, there is still no pre-
cise modeling of FGMs by the FEM code in the literature.
Some studies, with regard to three-dimensional elastic analysis
by ANSYS code, were reported by Yang et al. [28] and Liu
[29]. They regarded FGMs as multilayer materials and define
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FIG. 8. Buckling modes of FGCSs under ATCC (N = 1, l = 1m, R = 0.1m, h = 1mm).

load. Figures 8c–8e show mixed buckling modes aroused by
interaction between axial load and torsional load.

Figure 9 shows excellent agreement between theoretical re-
sults and FEM results. It is remarkable that, with the increase of
λ2, Pcr keeps nearly invariable and decreases slightly. Thus, the
contributions of axial load and torsion load to buckling equate
to each other and Figure 7 cannot be used to determine the
load-dominant bounds as in the axial and lateral combined load
case. However, one can determine the load-dominant bounds
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FIG. 10. Buckling modes of FGCSs under LTCC (N = 1, l = 1m, R = 0.1m, h = 1mm).

torsional angel γ enlarges. As the axial half wave number m
under lateral and torsional loads are equated, i.e., m = 1, there
is no character to determine the load-dominant bounds from
Figure 10.

Figure 11 shows excellent agreement between theoretical re-
sults and FEM results. λ3-axis is in the logarithmic form. It
is remarkable that, with the increase of λ3, there appears, in
order, a slow, rapid, and then re-slow decrease of Pcr . This
shows that buckling of the structure is more sensitive to lateral
load than to torsional load, and the value of λ3 can accord-
ingly be divided into three different regions, i.e., (0 , 2 × 108

]
,(

2 × 108, 2 × 1010
)
, and

[
2 × 1010 , +∞), which correspond

respectively to a classical laterally-loaded buckling mode, a
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